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Abstract 

We define two new constants associated with real eigenvalues of a P-tensor. With the 
help of these two constants, in the case of P-tensors, we establish upper bounds of 
two important quantities, whose positivity is a necessary and sufficient condition for 
a general tensor to be a P-tensor. 
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1 Introduction 

Let A = (ttij) be an n X n real matrix and q G M". Then the linear complementarity 
problem, denoted by LCP (A, q), is to find x G M" snch that 

LCP(A,q) X > 0, q -|- Ax > 0, and x^(q -|- Ax) = 0 

or to show that no such vector exists. It is well-known that the LCP(A,q) has wide and 
important applications in engineering and economics (Cottle, Pang and Stone and Han, 
Xiu and Qi [T5]). 

In past several decades, there have been a growing literature concerned with the error 
bounds for LCP (A, q). The error bounds for LCP (A, q) have been given in Chen and 
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Xiang [21 [3], Mathias and Pang |22] for P-matrix; Chen, Li, Wn, Vong [1] for MB-matrix; 
Dai |8] for DB-matrix; Dai, Li, Ln [9l |T0] for SB-matrix; Garcia-Esnaola and Pena |T2] for B- 
Matrix; Garcia-Esnaola and Pena [13] for BS-Matrix; Garcia-Esnaola and Pena [Tl|, Li and 
Zheng [M] for H-Matrix; Lno, Mangasarian, Ren, Solodov [20] for nondegenerate matrix. 
Recently, Snn and Wang [21] studied the error bounds for generalized linear complementarity 
problem under some proper assumptions. The componentwise error bounds for LGP (A, q) 
was showed by Wang and Yuan [32] . 

The nonlinear complementarity problem, dehned by a nonlinear function F : M"' —)■ M”, 
denoted by NGP(E), is to hnd a vector x G M” such that 

NCP(F) X > 0, F(x) > 0, and x'^F(x) = 0, 

or to show that no such vector exists. The NGP was introduced by Gottle in his Ph.D. thesis 
in 1964. the study of NGP(F) have a long history and wide applications in mathematical 
sciences and applied sciences (Facchinei and Pang [H]). We call the NGP(F) the tensor 
complementarity problem, denoted by TGP {A, q) iff F{x) = q-l-Mx™- ^ in the NGP(F), 
i.e.. Ending x G M"' such that 

TCP(M, q) X > 0, q + > 0, and x’^(q + = 0 

or showing that no such vector exists, where A = is a real mth order n-dimensional 

tensor (hypermatrix). 

The TGP {A, q) is a natural extension of the LGP (^4, q). It has some similar properties 
to the LGP (^, q). At the same time, the TGP (M, q), as a specially structured NGP(F), 
should have its particular and nice properties other than the general NGP(F). So how to 
obtain the nice properties and their applications of the TGP (M, q) will be very interesting 
by means of the special structure of higher order tensors (hypermatrices). Recently, the 
solution of TGP(M, q) and related problems have been well studied. For example, Ghe, Qi, 
Wei [3] investigated the existence and uniqueness of solution of TGP (M, q) for some special 
tensors. Song and Qi [211121] studied the existence of solution of the TGP {A, q) with the 
help of the structure of the tensor A. Song and Yu [30] showed the properties of solution set 
of the TGP {A, q). Luo, Qi and Xiu [19] obtained the sparsest solutions to the TGP {A, q) 
for Z-tensors. Song and Qi [2H], Ling, He, Qi [niiiE], Ghen, Yang, Ye [6] studied the the 
tensor eigenvalue complementarity problem for higher order tensors. See these papers and 
references therein. 

In this paper, we introduce two new constants associated with real eigenvalues of P- 
tensors. With the help of these two constants, for a P-tensor A, we establish upper bounds 
of two quantities ^(F^) and a{T_ 4 ). These two quantities were defined for general tensors 
and even order tensors respectively by Song and Qi [26] . It was shown there that an m-order 
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n-dimensional tensor ^ is a P-(Po-)tensor if and only if a(r^) is positive (nonnegative), and 
when m is even, ^ is a P-(Po-)tensor if and only if a{F_ 4 ) is positive (nonnegative). 

The rest of this article is organized as follows. In Section 2, we will give some dehnitions 
and basic conclnsions, which will be nsed later on. In Section 3, we will dehne two new 
constants associated with real eigenvalnes of P-tensors and show their npper and lower 
bonnds. In particnlar, for a P-tensor A, we establish npper bonnds of a{FX) and 

We briefly describe onr notation. Denote M" := {{xi,X 2 , ■ ■ ■ G M, i G /„} and 

C"' := {(xi, X 2 , • • • , x„)^; Xi E C,i E In}, where M is the set of real nnmbers. and C is the 
set of complex nnmbers. Denote := {1,2,-•• ,n}. For any vector x G C"", is a 

vector in C"’ with its zth component dehned as x^~^ for i E In, and x G M”, x+ is a vector 
in M"' with (x+)j = Xi if Xi > 0 and (x+)i = 0 if x* < 0 for i G In- We assnme that m > 2 
and n > 1. We nse small letters x,u,v,a, ■ ■ ■, for scalars, small bold letters x, y, u, • • •, for 
vectors, capital letters A,B, - ■ ■, for matrices, calligraphic letters A,B, - ■ ■, for tensors. We 
denote the zero tensor in Tm,n by O. Denote the set of all real mth order n-dimensional 
tensors by Tm,n- We denote by A'l the principal snb-tensor of a tensor A E Tm,n snch that 
the entries of A'l are indexed by J C In with |J| = r (1 < r < n), and denote by xj the 
r-dimensional snb-vector of a vector x G M"", with the components of xj indexed by J. 

2 Preliminaries and basic facts 


In this section, we will collect some basic dehnitions and facts, which will be nsed later 


on. 


All the tensors discnssed in this paper are real. An m-order n-dimensional tensor (hy¬ 
permatrix) A = (Oii---im) ^ mnlti-array of real entries where ij E In for j E Im- If 

the entries 0 * 1 ..are invariant nnder any permntation of their indices, then A is called a 

symmetric tensor. 

Let A = (oj^...*^) G Tm,n and x G M”. Then AyA‘~^ is a vector in M"' with its zth 


component as 


[Ai 


.m—1 


) . - i: 

^2 P ■ ■ lim — 1 


for i E In- We now give the dehnitions of P-tensors, which was introdnced by Song and Qi 

m- 


Definition 2.1. Let A = (flii-.-i^) G Tm,n- We say that A is 

(i) a Pq tensor ih for any nonzero vector x in M"", there exists i E In snch that Xj 7 ^ 0 and 

X, > 0; 
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(ii) a P tensor iff for any nonzero vector x in M", 


maxxj > 0. 

The concepts of tensor eigenvalnes were introdnced by Qi [23l [2l] to the higher order 
symmetric tensors, and the existence of the eigenvalues and some applications were stud¬ 
ied there. Lim [21] independently introduced real tensor eigenvalues and obtained some 
existence results using a variational approach. 

Definition 2.2. Let A = ^ ^m,n- A number A G C is called 

(i) an eigenvalue of A iff there is a nonzero vector x G C” such that 

Ax^-^ = Ax[™-^1, (2.1) 

and X is called an eigenvector of A, associated with A. An eigenvalue A correspond¬ 
ing a real eigenvector x is real and is called an H-eigenvalne, and x is called an 
H-eigenvector of A, respectively; 


(ii) an E-eigenvalue of A iff there is a nonzero vector x G C"" such that 

Ax^~^ = Ax, x'^^x = 1, (2.2) 

and X is called an E-eigenvector of Al, associated with A. An E-eigenvalue A corre¬ 
sponding a real E-eigenvector x is real and is called a Z-eigenvalue, and x is called 
a Z-eigenvector of Al, respectively. 

The concept of principal sub-tensors was introduced and used in [23] for symmetric 
tensors. 

Definition 2.3. Let Al = (flii- .i^) G A tensor C G is called a principal sub¬ 

tensor of a tensor Al = (oj^...j„) G (1 < r < n) iff there is a set J that composed of r 
elements in such that 

C (®il ■■■im ) ) ^ii A A 2 ; ■ ■ ■ ) £ J- 

Denote such a principal sub-tensor C by Al;^. 

The following is a basic conclusion in the study of P-tensors. 

Lemma 2.1. (Song and Qi [26[ Theorem 3.1 and 4.1]) Let Al G Tm,n be a P-tensor. Then 
(i) all principal diagonal entries of Al are positive {an ..4 > 0 for all i & In)] 
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(ii) each principal sub-tensor of ^ is a P-tensor; 

(iii) all H-eigenvalues of each principal sub-tensor of A are positive when m is even; 

(iv) all Z-eigenvalues of each principal sub-tensor of A are positive when m is even. 


Recall that an operator T : M” —)■ M” is called positively homogeneous iff T(tx) = 
tT{x.) for each f > 0 and all x G M”. For x G M"', it is known well that 


:= niax{|xj|;i G /„} and ||x ||2 



1 

2 


are two main norms dehned on M"’. Then for a continuous, positively homogeneous operator 
T : M” —)■ M”, it is obvious that 


||T||oo := max ||r(x) 
l|x||oo=l 


is an operator norm of T and ||T(x)||oo < ||7"||oo||x||oo for any x G H 
Let A G Tm,n- Dehne an operator : M” —)■ M” by for any x G 


T^(x) := 



X ^ 0 


When m is even, dehne another operator F 4 : —>■ 


X = 0. 

^ by for any x G 


(2,3) 


F^(x) := 


(2.4) 


Clearly, both F 4 and T 4 are continuous and positively homogeneous. The following upper 
bounds of the operator norm were established by Song and Qi [25] . 


Lemma 2.2. (Song and Qi |23 Theorem 4.3]) Let A = G Tm,n- Then 


(i) \\Ta\\oo < max XI \aii 2 -i 


iei, 


> ^2P'’ 5^7n — 1 


1 

m —1 


ii) IIX 4 II 00 < max X 


iei, 


, when m is even. 


22P” Am — 1 


Recently, Song and Qi [26] dehned two quantities for a Po-tensor A with the help of the 
above two operators. 


for any m, and 


a(Xl) := 

min maxa;i(Xi(x))j 

||x||oo = l i&In 

(2.5) 

«(X4) := 

min maxXj(F 4 (x))j 

||x||oo = l i&In 

( 2 . 6 ) 
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when m is even. 

The monotonicity and boundedness of two constants a{Tj\) and 0 (^ 4 ) for a high order 
tensor A are showed by Song and Qi [26] . 

Lemma 2.3. (Song and Qi [26l Theorem 4.3]) Let A = (nii-'-im) be a Pq tensor in Tm,n- 
Then 

(i) a(TU) < a(T_^j) for all principal sub-tensors A:l; 

(ii) < a{F_^j) for all principal sub-tensors A:^, when m is even; 




The necessary and sufficient conditions for P-tensor based upon a{F_A) and a(T_A) are 
obtained by Song and Qi [26] . 

Lemma 2.4. (Song and Qi |26l Theorem 4.4]) Let A G Tm,n- Then 

(i) .4, is a P-tensor if and only if a(r^) > 0; 

(ii) when m is even, 4. is a P-tensor if and only if a{Fj{) > 0. 

The following conclusions about the solution of TCP (4., q) with P-tensor A are obtained 
by Song and Qi [271129] 

Lemma 2.5. (Song and Qi [271 Corollary 3.3, Theorem 3.4] and [29l Theorem 3.1]) Let 
A G Tm,n be a P-tensor. Then the TCP (4., q) has a solution have a solution for all q G M"", 
and has only zero vector solution for q > 0 . 

3 Upper bounds of a{Fj[) and a{TA) 

The quantities a;(T 4 ) and a{Fj) play a fundamental role in the error bound analysis 
of TCP(q, 4,). The two quantities are in general not easy to compute. However, it is easy 
to derive some upper bounds for them when 4. is a P-tensor. Recently, Song and Qi [26] 
obtained the monotonicity and boundedness of two constants a{Tji) and 0 (^ 4 ) for a P- 
tensor A. In this section, we will establish some smaller upper bounds. For this purpose, 
we introduce two quantities about a P-tensor A'. 


5 h{A) := min{Aj/(.A;^); J C In, r e In} 


(3.1) 
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where Xui-A) denotes the smallest of H-eigenvalues (if any exists) of a P-tensor A] 

6ziA) := mA).{\z{Ai)] J C In, r e In}, (3.2) 

where Xz{A) denotes the smallest of Z-eigenvalues (if any exists) of a P-tensor A. The above 
two minimum ranges over those principal sub-tensors of A which indeed have H-eigenvalues 
(Z-eigenvalues). 

It follows from Lemma 12.11 that all principal diagonal ertries of A are positive and all 
H-(Z-)eigenvalues of each principal sub-tensor of A are positive when m is even. So 6h{A) 
and 5z{A) are well dehned, hnite and positive when m is even. Now we give some upper 
bounds of a(F^) and a(T^) using the quantities 5h{A) and Sz{A). 

Theorem 3.1. Let A G Tm,n (^ > 2) be a P-tensor, and let m be an even number. Then 

a(T4) < {Sh{A))~ < (minaii...i)^. (3.3) 

Proof. It follows from Lemma 12.11 (i) that 

aii...i > 0 for all i ^ In- 

Since A{ = (a^...*) (J = {z}) is m-order 1-dimensional principal sub-tensor of A, then 0 **...* 
is a H-eigenvalue of Af for all i ^ In, and hence 

Sh{A) < min 

Next we show the left-hand inequality. Let h = Sh{A) and B = A — ST, where X is unit 
tensor. Then it follows from the definition of ^^(.4.) that 5 is a H-eigenvalue of a principal 
sub-tensor Af of A. Then there exists x* G \ { 0 } such that 

{Af - 6Xf) (x*)”^-i = Af{^*r-^ - h(x*)[™-il = 0. 

So the principal sub-tensor Bf = Af — 6Xf of B is not a P-tensor. Thus it follows from 
Lemma 12.11 (ii) that B = A — 5X is not a P-tensor. Consequently, there exists a vector y 
with ||y||oo = 1 such that 

maxy,(Hy”^-i), = max {y,{Ay^-% - 5yT) < 0. 

^&In l&In 

So, we have 

yiiAy^-% - Syr < max {y^iAy^-^i - Syr) < 0 for all I G 4, 

ie/n ' 

which implies that for some j E In, 

maxyrAy^-% = y^Ay^-^), < SyJ < 
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It follows from the definition (Equation fl2.6l) ) of q;(-F 4 ) that 


a(F^) <max?/i(F^(y))i = max?/i(^y™ ^ 

l£ln ^£In 

m — 2 

=yr~" {yi{^y'^~^)i) ^ 

m — 2 2 

<||y||S-^ ma.x{yi{Ay^-%) — 

i&In 

m-1 ^ 

The desired inequality follows. □ 

Theorem 3.2. Let A G Tm,n (w- > 2) be a P-tensor, and let m be an even number. Then 

<y{TA) < Sz{A) < minaii...i. (3.4) 

Proof. Using similar proof technique of Theorem 13.11 we have the right-hand inequality 
holds. Next we show the left-hand inequality. Let 5 = Sz{A) and B = A — dS, where 

8 = and I 2 is n x n unit matrix {8x^~^ = ||x||™“^x, see Chang, Pearson, Zhang [1]). 

Then it follows from the dehnition of 6z{A) that 5 is a Z-eigenvalue of a principal sub-tensor 
Af of A. Then there exists x* G M'" \ {0} such that (x*)'''x* = 1 and 

{Ai - 58-1) (x*)”^-^ = Aiix*)^-^ - 5x* = 0. 

So the principal sub-tensor Bf = Af — 58f of B is not a P-tensor. Thus it follows from 
Lemma 12.11 (ii) that B = A — 68 is not a P-tensor. Consequently, there exists a vector y 
with IIyII 00 = 1 such that 

max?/i(%™“^)i = max {yi{Ay'^~^)i - 5||y||^"^y,^) < 0. 

lein l^In 

So, we have 

yi{^y"'~^)i - Hy\\ 2 ~^yf < max {yi{Ay'^~^)i - 5||y||™“\f) < o for all I G In, 
which implies that for some j E In, 

maxy,{Ay^-^). = ?/,(.Ay™-'), < 5||y||r\^ < 5||y||rly|lL = lly|ir^^- 

It follows from the dehnition (Equation (12.5p ) of a{T_A) that 

OiiTjf) <mj^?/i(T^(y))i = max?/i(||y||2"™yly”'"^)i 
= l|y|l2"™ maxyi(yly™“^)i 

l^In 

<lly|ir™lly|ir^^ 

=5. 


The desired inequality follows. 


□ 









Question 1. It is known from Lemma [2.41 and 


for a P-tensor A, 


(min > 0 and minajj...* > a(TU) > 0. 

i^In i^In 

Then we have the following questions for further research. 

(i) Do two constants a{Fj{) and a(TU) have a positive lower bound? 

(ii) Are the above upper bounds is the smallest? 


4 Conclusions 

In this paper, We introduce two quantities about a P-tensor A by means of H- and 
Z-eigenvalues of real tensors: 

dniA) := min{Aj/(^;^); J C In, r e In}, 

SziA) := min{Az(Al;(); J d In,r E /„}. 

The upper bounds are obtained, which only depend on the diagonal entries of tensor. 

(hi) cx{Fji) < (^^(Al))'^ < (min when m is even. 

i&In 

(iv) q;(TU) < Sz{A) < minaii...j when m is even. 

i&In 
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